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Lazard[3] . , , S-
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, $K$ , $\overline{X}=\{X_{1}, \ldots, X_{n}\}$ , $T(\overline{X})$ . , ,
$a,$ $b,$ $c$ $K$ , $f,$ $g,$ $h$ $K[\overline{X}]$ , $\alpha,$ $\beta,$ $\gamma$ $T(\overline{X})$ .
2 mdeg
, .
, $T\subseteq T(\overline{X})$ $<$ , $T=\{t_{1}, \ldots, t_{m}\}(t_{1}>t_{2}>\cdots>t_{m})$ .
$T$ $f\in K[\overline{X}]$ $f=a_{1}t_{1}+\cdots a_{m}t_{m}(a_{1}, \ldots, a_{m}\in K)$
, vec $(f)\in K^{m}$ vec $(f)=(a_{1}, \ldots, a_{m})$ , $\langle T\}_{K}$ $|$ $K^{m}$
.
.
1( ) $T(\overline{X})$ $<$ :
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1. $<$ ,
2. $\alpha<\beta$ $\gamma\in T(\overline{X})$ $\alpha\gamma<\beta\gamma$ .
$<$ ,
$F\subseteq\langle T\rangle_{K}$ $\{$vec $(f)$ : $f\in F\}$ , $F$
. $|T|=m$
, , $T$ , $\alpha_{0}\in T(\overline{X})$
$T=\{\beta\in T(\overline{X}):\beta\leq\alpha_{0}\}$ . ,
$S$- , $\{\beta\in T(\overline{X}):\beta\leq\alpha_{0}\}$ $T$ $S$-
. $T(\overline{X})$ .
2 (mdeg) $\alpha=X_{1}^{a_{1}}X_{2}^{a_{2}}\cdots X$ $\in T(\overline{X})$ mdeg $( \alpha)=\max\{a_{1}, a_{2}, \ldots , a_{n}\}$ .
, $f\in K[\overline{X}]$ mdeg $(f)$ mdeg$(f)= \max$ (mdeg[terms$(f)]$ ) .
terms $(f)\subseteq T(\overline{X})$ $f$ .
3(mdeg ) $T(\overline{X})$ $\prec$ mdeg :
1. $\prec$ ,
2. $\beta\neq 1$ $\alpha\prec\alpha\beta$ ,
3. mdeg $(\alpha)<$ mdeg $(\beta)$ $\alpha\prec\beta$ .
mdeg .
4 $T(X, Y)$ mdeg $\prec$ . $f=X^{2}+Y\in \mathbb{Q}[X,$ $Y|$ mdeg$(f)=$ mdeg$(X^{2})=$
$2>1=$ mdeg $(Y)$ , $f$ $\prec$ ht $\prec(f)=X^{2}$ . , $Y^{2}f=X^{2}Y^{2}+Y^{3}$
mdeg$(Y^{2}f)=$ mdeg$(Y^{3})=3>2=$ mdeg$(X2Y^{2})$ , $Y^{2}f$ $\prec$
ht $\prec(Y^{2}f)=Y^{3}$ , ht $\prec(Y^{2}f)\neq Y^{2}$ht $\prec(f)$ .
, mdeg .
5 (coherent mdeg ) $<$ $T(\overline{X})$ . , $T(\overline{X})$ mdeg $\prec$
:
1. mdeg $(\alpha)<$ mdeg $(\beta)$ $\alpha\prec\beta$ ,
2. mdeg $(\alpha)=$ mdeg $(\beta)$ $\alpha<\beta$ $\alpha\prec\beta$ .
$\prec$ , $\prec$ mdeg , $\prec$ $<$
coherent mdeg .
, mdeg , mdeg , ,
. .
6 ( ) $\prec$ $T(\overline{X})$ mdeg . $f+a\alpha\in K[\overline{X}]$ $\alpha\not\in$ terms $(f)$
$a\in K\backslash \{0\}$ . $g\in K[\overline{X}],$ $b\in K,$ $\beta\in T(\overline{X})$ $b\alpha=$ ht $\prec(\beta g)$ .
$a\alpha+f$ reduces to $f’=a\alpha+f-ab^{-1}\beta g$ modulo $\beta g$ w.r.t. $\prec$ , $a\alpha+farrow_{\beta g}f’$ .
10
$\lceil_{modulog\rfloor}$ . mdeg
modulo $\alpha g$ modulo $g$ . , $farrow_{g}f’$ $\alpha farrow_{\alpha g}\alpha f’$ .
, mdeg .
7( ) $F,$ $G\subseteq K[\overline{X}]$ , $\prec$ $T(\overline{X})$ . , $G$ $F$
( $\prec$ ) , $F\subseteq\{G\rangle_{K}$ , $f\in F$ $g\in G$ $\alpha\in T(\overline{X})$
ht $\prec(f)=$ ht $\prec(\alpha g)$ .
$\prec$ $F=\{G\rangle_{K}$ .
$F\subseteq K[\overline{X}]$ mdeg $\prec$ , ,
, 4 , mdeg
, $S$- .
8( $S$- ) $f,$ $g\in K[\overline{X}]$ , $a\alpha$ $f$ , $b\beta$ $g$ . , $\gamma=$ lcm$(\alpha, \beta)$ ,
SPol $(f, g;\alpha, \beta)=b(\gamma/\alpha)f-a(\gamma/\beta)g$ .
, $f\in K[\overline{X}]$ , $\alpha\in T(\overline{X})$ ht $\prec(\alpha f)=\alpha\beta$ ,





$T\subseteq T(\overline{X})$ , $T=\{t_{1}, t_{2}, \ldots, t\downarrow\}(t_{1}\succ t_{2}\succ\cdots\succ t_{l})$ , $f=a_{1}t_{1}+\cdots+$
$a\iota t\iota\in\{T\rangle_{K}$ , vec$\prec(f)=(a_{1}, -- , a\iota)\in K^{l}$ vec$\prec:\{T\}_{K}arrow K^{|T|}$ .
9 $X>Y$ grlex coherent mdeg $\prec$ , $T=\{\alpha\in T(\overline{X})$ :mdeg(a) $\leq 2\}$
. $T$ $\succ$ $X^{2}Y^{2}\succ X^{2}Y\succ XY^{2}\succ X^{2}\succ Y^{2}\succ XY\succ Y\succ X\succ 1$
, vec$\prec(2X^{2}Y-XY^{2}+5X)=(2,0, -1,0,0,0,0,5,0)\in \mathbb{Q}^{9}$ .
$T\subseteq T(\overline{X})$ mdeg . $d$ TB $(d)=\{\alpha\in T(\overline{X})$ :mdeg$(\alpha)\leq d\}$
.
10 (mult) $f\in K[\overline{X}]$ $d$ ( $d=\infty$) mult $(f, d)=$ {a$f$ : $\alpha\in$
$T(\overline{X})$ , mdeg $(af)\leq d\}$ , $t\Leftrightarrow F\subseteq K[\overline{X}]$ mult $(F, d)= \bigcup_{f\in F}$ mult $(f, d)$ .
, $d$ mult $(f, d)$ , $F$ mult $(F, d)$
, .
, , $S$-
,. $f$ $a\alpha$ $((j, a\alpha)\mapsto a\alpha f)$ ,. $f,$ $g$ $((f, g)\mapsto f+g)$
. , mult
mult: $f$ $\alpha$ $(f\mapsto\{\alpha_{1}f, \alpha_{2}f, \ldots\})$ ,
11
: $f,$ $g$ $a,$ $b\in K$ $((f, g, a, b)\mapsto af+bg)$ ,





Input: $F$ : $K[\overline{X}]$ , $d:F\subseteq\langle TB(d)\rangle_{K}$ ,
$<$ : $T(\overline{X})$ mdeg




while $n’\neq n$ do
$n’;=n$ ;





. $F\subseteq K[\overline{X}]$ $d$ $R$
CioseAndLReduce $(F, <)$ , R $=$LinearReduce $(R, <)$ $R=$ mult $(R, d)$
. $R$ .
11 (width) $\alpha=X_{1}^{a_{1}}\cdots X_{n^{n}}^{a}\in T(X_{1}, \ldots , X_{n})$ , pow $(\alpha, i)=a_{i}$ . ,
$f\in K[\overline{X}=\{X_{1}, \ldots, X_{n}\}]$ $i=1,$ $\ldots,$ $n\}_{-}^{}$ , width$(f, i)= \max\{$pow $(\alpha, i)-pow(\beta, i)$ : $\alpha,$ $\beta\in$
terms $(f)\}$ .
, . .
$12\prec$ $T(\overline{X})$ mdeg . $G\subseteq K[\overline{X}]$ $d$ R $=$LinearReduce $(G$ ,
$\prec)$ $R=$ mult $(G, d)$ . $c_{0}$ $c$ $Go\subseteq G\cap\langle TB(c)\rangle_{K}$ $c_{0}$ $G$
, $g\in G_{0}$ $i=1,$ $\ldots,$ $n$ $c+$ width $(g, i)\leq b$ .
$G_{0}$ $\prec$ $\langle G_{0}\}_{K[\overline{X}]}$ .
, $F\subseteq K[\overline{X}]$ $\langle F\rangle_{K}$
. $[$4 $]$ .
LAGroebnerBasis
Input: $F$ : $K[\overline{X}]$ , $\prec$ : $T(\overline{X})$ mdeg
Output: $G$ $:\prec$ $\langle F\rangle_{K[X]}$
12
$G:=F$ ;







$G$ $:=$ CloseAndLReduc $e(G, b, \prec)$ ;
$G_{0}$ $:=\{g\in G :(\forall g’\in G\backslash \{g\}) ht\prec(g’)\parallel ht\prec(g)\}$ ;
$G_{1}:=G\cap\{TB(c_{0})\rangle_{K}$ ;
$G_{0}\cup Gi\subseteq$ TB(c) $c$ ;
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